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Summary 


Physicists study quantum systems, like free particles, using Schrodinger 
operator. Here, | will expose some ideas turning around the known relation 
between the roots of the zeta function and random matrices and their 
eigenvalues. 
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The Schr6édinger equation is a linear operator, one of its parts acts asa 
Hamiltonian H on a wavefunction ©, and is presented as a Hermetian matrix 


H'’=H 


the wave function , gives essential information, that is measurements about a 
particle, these measurements ( position, momentum, energy...) are known to 
be the eigenvalues of H . The squared amplitude of the wave function for 

X = (x, y,Z) and time t: 


IM@y,z oll? 


is the probability that a particle has a measurement M ata time t. 


Ordinary Wave equation in two space dimensions has the form 


1 
Au = 


= 77 Utt 
az 


it has some relation with two other known equations namely : 


Au = 0 


Since there is an interesting relation between the roots of zeta function 

On + lV, and the eigenvalues of random matrices, a relation that is much 
studied by mathematicians and physicists since Montgomery's discovery, | try 
here , through it, to speculate on some possible relation between: the Riemann 
hypothesis RH , the potential V , and the zeta function as a part of the wave 
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function wp . 


The function F(t) 


The eta function is defined for t € R ando > O as the infinite series: 


+00 


ny = yO 


nZ 
1 


or in two infinite series 


Gris y cos(tlogn) (1-1 iy sin(tlogn) (-1)"" 


n ne 


any complex function is also written as 
n(o + it) = Rn(o,t) + iSn(o,t) 


The eta function has the same non trivial roots of the zeta function ¢, and if we 
assume the veracity of the RH, they are all of the form: 


1. 
at Yn 
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Waves as a string’s vibrations 





As the electron is seen as a wave according to the de Broglie equation(1924) 


A= = it is known that the Schrédinger equation (1927) , or operator: 


inp, = AW) 
W(X = (x, y,2),t) = f + ig 


came to model the wave function w . 


As we know from the theory of analytic functions , both Ryn and 37 are 
harmonic functions, verifying the Laplace PDE : 


d?Rn(o,t) m a*Ry(o,t) _ 
do? ot2 


Where: 


07Rn(o,t cos(tlogn 
no =} ( a ) x log?n x (-1)"" 
n>1 


002 n 


07Rn(o,t cos(tlogn 
d* Rn, t) _- — ya we x log*n x (-1)""1 
n>1 


Ot2 n 
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Nothing prevents us to see Au = 0 as a complex wave equation: 


(RN)oo = 1° (Ry) te 


otherwise as 


l (RN )oo =o (RN) tt 


For simplicity, we consider here the Schrédinger equation for a plane wave 
(only X = x), where Hf is the Hamiltonian 


2 


H=-—A+V}! 
2m 


We use one dimension wave function w(x, t), and for convenience, we have to 
interchange the variables in our infinite series n(z): 


tof Rnis the space x of w:—00o < t < +00 


o of Rn isthe time t of W~:0 <a < +00 


the equations gives 


mt (r, t) designates a potential energy here. For example, it may be the product of an electric potential and the 


particle's charge. In quantum mechanics, V(r, t) is commonly called a potential." Tannoudji — Diu — 
Laloe (1/20). 
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hWs = (RN)ao > hy = (Rn), + iF(6) 


HQ) = —i(R ee 


a: (ve + iF ©) = ~i(RN) 


h 


Then the function to be found is 
F(t) 


and we get an expression for the wave function: 








CRn)o@, t) + FO) 


v(b.9) = : 





or more exactly: 





jen fO 4 +> ee “eg 


with , of course, the normalization condition: 
| wird = 1 
R 


otherwise : 
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2 


(=F . 5 
i > =e x logn X cos(tlogn) + iF(t)| dt=h 
7 n21 
If f, (Rn) oat converges at all at +00. For (7), we know that: 


r Spe 
| Gineat = =e x sin(Tlogn) < +00 
0 1 


If there is a problem of convergence, then to avoid it: 
i) We can consider integration in [0,7] forT >0 . 


ii) The probability of the existence of a particle diminishes adequately to 0 as 
T > +00. 


Anyway , we get 


T T 

| F@rar = fh? - | cin?,at 
-T -T 

Since cos is even then: 
T T 
h2 

| F@rar a | oin.2at 

0 0 


Or otherwise 
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T 


h? r 2 
i F@Pdt = + i (Rl (1 —22-)¢ (2) at 


0 0 


There is some inconsistency here , namely that hf? is very small. But we can 


avoid this inconsistency by thinking differently : MeNSeanehtOnpOssiblelZeros, 


as T grows, of 


2 


=~ [ &A-2-|e@),"ae 


which , of course, should not be simple zeros (since ix F(t)?dt = 0), and ask 


for their meaning in this situation. 


The Hamiltonian in action 


Applying the operator on 


h? (Rn)o + FO) 


(—5A + V) ( A = —i(R ee 


gives the equation 
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2 


~ 2hm 





1 
(CRr)oee + iFe,(t)) + ZV (Gina + iF(t)) = -i(Rn) i 





where 


cos(tlogn 
(note =— YP Doge x (1) 
n21 n 


if we want the equation to have sense, then it must verify two conditions : 


ia R = —hA(R 
oat Dal? V(F(t)) = —A(RN) et 


2 


h 
~ 2m (RN) ott aT VCR) o) =0 


We know that 


n'(Z) = (Rn)o + iCS)o = (3) — 1CRN)e 


and 
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So in the critical strip (let o = 1 alone) n’(z) and ¢'(z) have the same zeros. 
And if RH istruethenn'(z) hasnorootsin 0<a< - because it has been 
proved that RH is equivalent to the fact that ¢’(z) has no roots when 
0<o<s. 


So in the first condition, the term(7), vanishes at the zeros of 7’(z) and 
¢'(z). The term (R7n);+ vanishes too for o = dy and (using Schwarz) its zeros 
are between different vertical sets of zeros. What relation has this first 
condition with RH ? 


So when does: 








Vie) Cee 





Here V is independent of time. What is the meaning of this in physics? 


We have seen that the term(‘R7),, vanishes at the zeros of 7’(z) and ¢'(z). 
The term (R7)5¢¢ vanishes at the zeros of ’(z) and ¢'(z), and this for 

O = 0, and its zeros are also between different vertical sets of zeros. So the 
equation 


h2 
V(CRN)o) = 2m (RN) ott 


Cannot be identically zero. 
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